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SUMARY

An experimental and theoretical study of the buckling of closely stiffened
cylindrical and conical shells under axial compression has been undertaken to
determine the influence of the stiffener geometry and spacing on the applicability
of linear theory. Tests on integrally ring-stiffened cylinders, in which the
spacing, cross-sectional area and eccentricity of the stiffeners is varied are
described, The bounds of general instability are first determined By an elementary
analysis of sub-shelis and panels between stiffeners, in conjunction with "smeared"
stiffener theory. The interaction between stiffeners and sheli is then investigated
with a iinear discrete-stiffener theory. The experimental results are correlated
with theory and approximate design criteria are developed. Experimental results
and conclusions of other investigators are also discussed. The results of a test
program of integrally ring-stiffened conical shells are briefly discussed and

correlated with the results obtained for cylindricai shells,

The structural efficiency of closely stiffened cylindrical shells Is then

studied in view of the observed bounds of applicability of |.near theory.
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* » *
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» »
(v /a), w = (w /a),(see Fig. |)

in cone : u = (u*/a), v
axial coordinate along a generator, radial and
circumferential coordinates
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I+ INTRODUCTION

Closely stiffened sheils are usually anaiysed by |inear theory, with
fairly good agresment between experiment and theory. A closer look at the
experimental verification of |inear theory shows that the agreement is

good for closely and heavily stiffened shells whereas it is poor for

moderaie or sparse stiffening.

This Is especially noticeable in the case of the worst "oftfender" of
classical buck!ing theory - the cylindrical she!| under axial compression,
The very large discrepancies between experimental and thooretical buckling
loads observed in unstiffened cylinders motivated extensive study of the
problem (see for example [1] or [2] ) as well as a major effort to stabilize
the shell by infernal pressure, stiffening or sandwich construction (see
for example [3] ). The designers aiso developed empirical "knock down
factors", that were rgvlsoq as the number of tests lncroased.and summar i zed
in various empirical formulae (see [4] - [6] ). The axially compressed

cylinder is therefore very suitable for study of the validity of linear

theory in stiffened shelis, A study of conical shells under axial compression

may fend additionsl support to the results obtained in cylinders.

For many years the usual approach tc the stability analysis of a stiffened
shei| was to replace it by an equivalent orthotropic shell (see for example [7]

[3] or [9]. Such an spproach, however, does not permit taking into account

the eccentricity of stiffeners, As stiffeners became heavier, the jmportance

- of these eccentricity eftects, observed already eariier [10] and [11], was

rea!}zad and their influence studied,
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Our group at the Technion has in recent years studied the behavior of
stiffened cylin&rlcal and conical shells with a |inear theory that includes
eccentricity effects (see [12],[[13] and [14] ). For cylindrical shells, the
main merit of this theory, in which the stiffeners are "smeared", or "distribut-
ed" over the entire shell, f{ies in ifﬁ'slmplicify » t has led to its adoption
also by other investigators, in particular at NASA ( for example [15] and [16]
and at Lockheed (for example [17] ). For conical shelis this theory, [18] and
(19], though less simple is manageable and even permitted some optimization

studies [13] and [20].

These studies and their conclusions are, however, meaningful onlvy if linear
theory predicts the buckling load adequately and if the discreteness of the
stiffeners has no noticeable effect. The second problem is the easier cne, since
it can be attacked by a linear discrete-stiffener-theory. Previous ‘investigators,
{213, [22] and £23], have shown that for ring stitfened cylindrical shells the
discreteness effect is of importance only when the n;mber of rinqs is very small,
but eccentricity was not taken into account by them and stringers were not

considered. Hence a more detailed discrete-stiffener analysis seems warranted.

The first probiem - the adequacy of linear theory is more formidable and
can be conclusively settled only by tests. The investigators ditfer in their
opinions. In 1962 Van der Neut {Z2] considered, on the basis of a logical
expected reduction in imperrection sensitivity, " that linear theory is adequate
for the investigation of general instability of stitfened sheiis"., Recently

Hotf [3] has pointed out that " it is perhaps premature to state that the small
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displacement theory is rigorousiy applicablo to reinforced shells" and
t Hutchinson and Amazigo [ 24, have presented imperfection sensitivity studies
a to " indicate to what .extent the classical buckling results can be consider-

od relfable™,

Gerard and his group developed a linear theory for orthotropic cy!indrical

shei!s [9] and [25] and then embarked on an extensive test program [25] and

[26] to show that linear orthotropic theory is adequate. Already in 1962 they
pointed out the remarkable agreement of the buckling load under axial compression
for Pugllese’s integrally machined ring-stiffened cylinder, tested In 1959

[27], with linear orthotropic theory. Their later tests on carefully manufactured,
and one can add beautiful, ring-and stringer-stiffened cylindrical shells [27)
supported their contention of the adequacy of |inear theory for closely stiffened
shefls, From one aspect, however, these otherwise excellent tests are inadequate -
they were too closely stiffened., As the width of the stiffeners equalled the
distance between them, they represented really thick cylinders with longitudinal
or circumferential slots rather than stiffened thin cylinders, One cannot, there-
fore, rely on these tests to settie the problem of applicability of linear theory
for reinforced cylindrical shalis. A similar difficulty arises with another
series of excellent tests in which Garkish [28] investigated the pronounced

accentricity effect that appears in iongitudinzllystiffened cylinders undar axial

compression, Here the stiffeners are back to back "L" sections, and the width

E of unstiffened skin is only 1/10 of the totai width of the stringer.
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Another series of tests on internal ring-stiffened cylindrical shells
[29], though primarily concerned with buckling under hydrostatic pressure
loading, includes some tests with predominant axial loading that support the
adequacy of linear theory., As thess tests, however, are for shells of rather
tow (R/h) valges, about 250, and * 3 wall thickness of the relevant specimens
exhibit variations of up to + 36% and - 27% of the weighted average, they are

not included in the discussion,

Three series of careful tests of stringer-stiffened cylinders present
Important evidence for evaluation of the applicability of Iinear theory. Card's
tests with heavily integral-stiffened shells [30], the tests by Peterson, Dow,
Card and Jones on more moderately stiffened shells, [3!] and [16], and Katz's
tests on large scale moderately stiffened cylinders [32]. Card's tests are by
now the "classical" evidence of validity of linear theory for heavy stiffening
and the importance of the eccentricity effect, Katz's tests are equally important
when they are judiciously correlated with |inear theory, as they give some in-
dication on the stringer area required for linear theory to become valid. Some
recent tests on ring-stiffened cvlinders reported by Almroth [33] and a stringer-
stiffened cylindrical panel tested by Len'ko [34] are additional evidence for

the discussion,

It may be pointed out, that in stiffened shells the boundary conditions may
be even more important than in isotropic shells, since two additional effects
have to be considered, The eccentricity of the applied axlal load ( or end moment
effects) may be important here [35], [32] and [36], and the in-plane boundary

conditions have different effects on internal and external stiffeners [37].
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I¥ one now concurs with van der Neut's cnrinfon and fesels " that linear
theory Is adequate for closely spaced stiffene.'s ", und turns to the
experimental evidence for support, one cannot discern the influence of the various
geometrical parameters on the applicability of linear theory. A primary aim of the
present investigation is to bring forth the predominant parameters. Answers are
needed to the questions what is "closely stiffened" and how "heavy" have stiffeners

to be.

The problem is not only one of validity of a theory. Since the main stability
contribution of stiffeners in cylindrical and conical shells under axial compression,
be they rings or stringers, is the raising of the buckling load to the classical one,
the problem is one of structural efficiency. The question of how heavily does it pay

to stiffen has also to be cconsidered.
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2, THEORETICAL CONS!DERAT{ONS

The discussion in the present paper is limited to ring or stringer~
stittened shelis, Other forms of stabilization, such as internal pressure,
sandwich construction, corrugated skin, 4x° waffle-stiffening and orthotropic
materials are not considered, though they may be of equal practical importance
and hence justify serious study. The stiffeners azre considered to be rigidly
Joined to the shell and the conclusions apply therefore best to integrally
stiffeped shells, Furthermore, stiffeners are here considered to be of the
same material as the shell though the theory can easily accommodate different
materials (see for example [14] or [16]) and different materiais may some-

times be more efficient, for exampie [38].

2, 1. Ring-Stitfened Cylindricai Shells

A ring-stiffened cylindrical shell under axial compression may fail in
two forms of instability, local buckling of the sub-shell between the rings
or general instability of the stiffened shell as a whole. One type of general
instability - buckling as an Euler column - occurs only in very long shelis
and may usuaily be excluded. In both forms of Instability axisymmetric or
asymmetiric modes may occur, depending of the geometry of the shell, Further-
more, there may be a noticeabie restraining effect of the rings on the local
buckling and there may be interaction between the two forms of instability

that may lower the general instabiiity load.

An elementary linear snalysis of the buckling of an axially compressed

ring-stiffened cylindrical shell considers the sub-shell seﬁa}afely as a
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simply supported isotropic shell and then examines the general instability of a
shel. ieinforced by the "distributed" or "smeared" stiffeness of the rings.

The classical formula for a simply supported isotropic cylinder

P, = [301-v23T" " 2onn2e 1)

assumes no restrictions on the wave length parameter [(n2 + 82)2/n2], see for

example [39] or [40], and hence may not apply to the short sub-shells, Indeed

for Z2' = (I-v2)|/2(a2/Rh) < 2,85 the sub-she!l buckles into an axisymmetric
pattern with one axial half-wave, n = |, for which
P = p_ [+ (22%40.702 2! (2)
cr ct * -

For Z' slightly above 2,85, linear theory predicts an asymmetric patter with n =1,
till 2' is sufficiently large for an axisymmetric mode with n = 2, and then with
further increase in Z' an asymetric pattern will again appear with n = 2, and so

forth. The accompanying fluctuations in ‘uckling load are, however, negligible [41].

Contrary, however, to the large discrepancies between experimental and theoretical
axial buckling loads universally observed for moderate length isotropic cylinders, tests
on very short cylinders exhibit fairly good agreement with !inear theory, see for
example Fig. 4 of [6], Figs. 6 to 8 of [42] or Fig., 8.7 of [43]. The axisymmetric
buckling pattern of the short shells is.probably the main reason for their "linear™
behavior, for the axisymmetric mode, aiso referred to as "ring-buckl!ing" by some

investigators, has a stable post-buckling behavior that makes it insensitive to
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imperfections, see [8]. The more pronounced influence of rotational restraint is
the second reason. Consideration of the |imiting case of Euler flat plate
behavior, for Z + 0, in which clamping raises the buckling load 4 times, or

examination of the curves in [44] emphasize the importance of the boundary con-

ditions for short shells,

Since for a clamped cylindrical shell no closed form solution is avail-
abie even in linear theory, only an approximate estimate of the sub-shell
geometiry that ensures an axisymmetric buckiing mode can be made., With aid
of the second approximation of the Galerkin solution of Donnell{'s equations
by Batdorf, Schildcrout and Stein [44] it is found that when Z < 1i.6 the axi-
symmetric buckling pattern predominates. Though the rings, however heavy, will
never represent fully clamped conditions, an indication of an upper bound for
possibie "ifinear" behavior of the sub-shells is thus obtained. In view of the
recenT work on the effect of the secondary boundary conditions (see for example
[45] or [46]),consideration of the "classical" simple supports and clamped ends
only out of the possible 8 and conditions may seem incomplete. For the short sub-
shelis nhowever, the rotationai restraint is the prime boundary effect, {451 and
[37], though the RF 4 B.C. (in the notation of [45])extends its influence to much

larger Z than the "classical™ RF 2 B.C. [1¢].

The eiemerntary aralysis, therefore, immediately yields a conservative
criterion to ensure loca! "linear" behavior. By taking “classical'simpie supports

as the weakest practicai boundary conditions of the sub-shells one obhtains from
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1/2

7t = (1-v2y"2(a%/Rn) < 2.85 (3)

for safe ring spacing

2)-|/2

2 s [2.85(1-v (r/hy]'/2 (4)

Since "linear" behavior extends also a |ittle beyond the axisymmetric range, Eq.

(4) is rather conservative.

One may note that a recent imperfection sensitivity study [33], which
concludes that very short cylinders are insensitive to initial imperfections, lends

further support to tha expected "Iinear" behavior o¢ the sub-shells.

The rings actually provide elastic rotational restraints that stiffen the sub-
shells also within the framework of |inear theory. The rings can provide two types
of restraint: resistance to twist if the sub-shall buckles non-axisymmetrically and
the cross~-secticns of ring resist rotation one relative tc the other, or resistance
to "rolling over" of ring that subjects the ring to out of plane bending [41].

The rings usualiy offer more restraint to twist than to "rolling over'" which promotes

the tendency towards axisymmetric buckling.,

These rotational restraints are usually neglected in buckling analysis of
cylindrical shells, though they were included in Reynold's careful study of ring

stiffened she!ls under hydrostatic pressure [47], where appreciable restraint

it e
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was observed (6 to 18% stiffening of sub-shells with Z' from 27 to 10 and
R/h of about 100), Here, the effect of the rotational restraints wili be
analysed by a simple one-term Rayleigh-Ritz approach, that is an extension
of earlier studies on the effect of axial restraint [48] and [49]. The
details are given in Appendix A, The rastraints are expressed as non-
dimensional spring coefficients. For torsional resistance the spring

cosfficlient is
/68t ) = eusert = u204mR (5)

where kT = GJ is the torsional moment per twist per unit length (hence the
dimensions of kT are FLz) and J is the torsional constant of the ring cross
section, The effect of the torsional restraint appears In the final expression

of the buckling load

| [n?e? + +272

(P /En?) = 2
cr

1201-vo) (R/)  nlgl
2.2
HR/M) i B (kT/ER4 y2+2(R/M2(R/L)
[n%8° + +7]

(6)

as usual, the integer values of t+ and n that make PCr a minimum have

to be chosen. ( A more precise analysis, an extension of the "discrete
stitfener” theory [50] with emphasis on local buckling when the torsional

stiffness Is not neglected, is also in progress at the Technion),

Sl
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For resistance tc "rolling over" in the axisymmetric buckling mode the

spring coefficient is, as in [41],

2
= )
kR (ETR/R ) (7

where IR Is the moment of inertia of the cross-section for the ¢entroidal
axls in the plane of the ring. |t may be noted that for rings of rectangular
cross-section, as shown in Fig. |, of a given area Ags IR and hence kR is

larger the smaller the eccentricity Iezlhl. The buckling load is given by

2,2 2
(P JEND) = 2n{ —DF e BN /e DaRmAE0L (8)
12¢ 1=v"XR/h) n“sg

As the torsional restraint, when effective, is usually one order of
magnitude larger than the restraini to "rolling over", the latter is neglected

in the asymmetric buckiing mode.

In the case of unrestrained sub-shells general instability can occur
within the framework of linear theory, only when the sub-shelis are in the
short " axisymmetric mode" range, Z' < 2,85 where Per IS given by Eq. (2),
Utherwise the unstiffenea sub-shel!l will always buckle localiy at 3 lower
load than the whole stiffened sheil, as the critical load, according to Eq.
{1) does not depend on the length of the shell., The rotational restraint

determines therefore an upper bound to the ring spacing by the requirement

that
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I+ may be noted that in most of the specimens tested in the present program
the influence of the rotational restraintwas found to be very small, As an
example of a noticeable influence of the rotational restraint three of the
ring-stiffened shells of [33] are considered. In Table | the geometry of the
shells and sub-shells are given, For simple supports (zero rotational restraint)
an asymmetric local buckling pattern shouid anpear, column (1), The heavy
rings, however, offer considerable torsional resistance and hence in calculations
of Pcr from Eq. (6) + + O or, in other words, the sub-shei! is forced to buckle
axisymmetrically, column (2). The resistance to "rolling over", that was not
taken into account in the asymmetrical mode, has to be considered now, yielding

column (4), It is seen that P , the "smeared" general! in-

resf.axlsym.> PGs

stability load, and that even P column (2),not considering the resistance

axisym,
to "rolling over", Is not less than Pbs' column (6)., This example shows that
by torcing the sub-shells to buckle axisymmetrically when ' > 2,85, the
torsional resistance of the rings increases the safe ring spacing given by Eq.
(4)., Hence heavier rings, especially with high torsional stiffness, may be

advantegeous, Note also in Tabie | that the test results are not far from the

predicted buckling loads.

A linear theory analysis for general instability of stiffened cylindrical
shells under axial compression is given in [14]. It is shown there that with

inside rings non-axisymmetric buckling will occur and the positive eccentricity
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E will lower the tuckling load below that for centrally placed rings, With out-
side rings, however, the increase in buckiing load that would resuit from the
negative eccsntricity 1f the shell were to buckle in & chess-board pattern is
not realized, since the shell now buckies in the ring-shape pattern which Is

unaffected by eccentricity and ylelds a lower buckling load,

; For classical simple supports, the iinear theory general instabiiity load
of a stiffened cylindricai shel! under axial compression can be obtained [14]

from

LI b

3.3 2 3

4
B78,) + £,(=24" = b t7) + (I + n

4 2.2,2
c'(-n l)" B + (2 + Ny + "fz)" Bt +

+ 0+ noz)f‘ + 12RMZCU + M) (1 + b 4) + vnBa J - An?82/2) = 0 (10)

where A Is a non-dimensional axial load parameter defihad by

A = (PR/xD) = [12¢1=-v2)PR/%ER] (n

Vio My s Nyps "2’ "4 and Ny, 2re the changes in stiffnesses due to stringer and

frames and X X90 &y and g, are the changes in stiffnesses caused by the

eccentricities of the st-ingers and rings as in {12] or [14].

et Atan i ont al

For a ring-stiffened shell with outside rings, that buckles in the axisymmetric
mode, Eq. (10) simplifies considerably, and when there are many waves in the axial
direction, permitting n to be treated as & continous variable, the general in-

stability load can be computed from the simple formula

o
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r Pe = [301-)T"2 200015 (A,/8m 1 /2 =P _ [14ch,/am]'/2 (12)

In passing, it may be pointed out that the reduction in buckling for
interna! rings may be offset if the rings have high torsional stiffness, as
then tass energy will be absorbed in the axisymmetric duckling mode, that is
unaffected by eccentricity, than in the non-axisymmetric mode that involves
torsion of the rings. Some computations for a typical shell (L/R = 0.5,
R/h = 500, A,/ah = 0,5, 1,,/ah", e,/h = 5 and v = 0,3)show (see Fig.2) that when
Ny 15 the shel! buckies axisymmetrically with an accompanying increase
of 14,7% in the general instability load, or - in other words - complete
recovery of the reduction due to internal placing of the rings. For the
typical shei! considered, n = |5 can be obtained in practice ( for a ring

spacing of a/h = 40) by rings of tubular cross-section with a diameter of

about 7h and a wali thickness of h,

In order to investigate the effect of discreteness of the rings, the
buckling of ring-stiffened cylindrical shells is analysed by a 1inear
"discrete" theory. Instead of being "smeared", the rings are now considered
3s linear discontinuities represented by the Dirac deita function but other-
wise the analysis is similar to that of [14]. 1t may be noted that the delta
function representation of rings has been employed by other investigators,
(51, [21] and [23], but without consideratior ot the eccentricity of the
rings. The details of the method used here, that is based on the formulation

of [52], are given in [50], where also extensive parametric studies are d;scussed.
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The analysis ylelds two sets of equations

- o
. miw nin .
bmle + lecm + :gi }l:-:l (B“Bn + Y”Cn) sin T sin T o}
- gl miw nin
qﬂzam + cmzcm + ﬁz' f=' (BiZBn + YiZCn) sin < in e +
min nin _
+ Glmncn cos e cos < - 0 (13)

where bml' Dm2? cml'cmZ'sll'BiZ' Yipe Yi2 and Glmn are expressions, Iinvolving
sheil and ring geometry as well as wave numbers, defired by Eqs. (9) of [50].

The buckiing load Is found from the vanishing of the determinant of Eqs. (13).

I+ should be pointed out that the Dirac delta function representation is
satisfactory only as long as the width of the stiffeners is not comparable to
the distance between them, Hence it could not be applied, for example, to the
very closaly stiffened shells of [26], and its reliabiiity becomes doubtful

in any sheli with very wide stiffeners.

Though for buckling under hydrostatic pressure appreciable load reductions
were found in [503 ror discrete rings, the discreteness effect was always
found to be very smois for ring-stiffened cylinders under axial compression., A
similar conclusion was reached in [23] for orthotropic ring-stittened cylinders
by an analysis that did not take ring eccentricity into account. For com-
pleteness, hovever, the "discrete" buckling load, in addition to the "smeared" one

Is computed for some of the test cy!inders.
Hence, If the ring-spacinqg and the rotational restraint due to rinqgs
ensure axisvmmetric local buckling and 1 the rinags are placed on the out-
side or have high torsional stiffness to comrensate for internal nlacinag, an
Initially stable axisymmetric qeneral instabilivy should dominate and tects shauld

Glu

aqree well with nredicted bucklin foads,
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2.2, Stringer-Stiffenad Cylindrical Shells

A stringer-stiffened cylindrical she!l under axial compression may again
fail in two forms of instability, local buckling of the panel between the
stringers or genera! instablility of the stiffened shell as a whole., Axi-
symmetric buckling modes will occur, in both forms of instability, only for
shori shells, and hence has to be considered only in the case of stringer-
stiffenad shells reinforced also by strong rings. The present discussion
is therefore limited to asymmetric modes, that include for general instability
the n = | or "longitudinal™ buckling modes mentioned in [26] and [53]. There
may be an appreciable restraining effect of the stringers on the local buckling

and there may be interaction between local and general instability.

The elementary analysis again separates the consideration of buckling of
the panels between the stringers and the study of the general instability of

the "smeared-stringer" shall,

The buckling and initial post buckling behavior of cylindrical panels
has been studied by Koiter [54] for stripgers that exert no rotational restraint
on the panel, In the absence of restraining effects of the stringers except
the radial one, the pane! wlll bucklie in the same mode and the same critical
stress as the corresponding complete unstiffened cylindrical sheli,provided

the ancle between the equally spaced stringers 00 satisfies

St
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¢, > w/m
where

m = (l/2)[|2(|-u2>]'/‘(§o'/2

as is well known (see for example [40] or [54] ). Wwhen 9, < n/m the panel

Is called narrow and will have a critical stress above that of the

corresponding unstiffened cylinder. |f a measure of the total curvature is

introduced as in [54].

M [iza-vH3Y4
n Zx

the critical stress can be written

sz 4

_ h,2
Op = —3 (5-) {1 48)
3(1=v")

With 6 definac by Eq. (14) the width of the panel

b = Re., = 6R(x/m) 0<oy i

(o]

and the stiffenin¢ of the punel due to "narrowness" is therefore

(ocr)narrow panel

Tocr)complefe aylinder

b (Rh)

= (/650 + eH

(t4)

(15)

(16)

(tn

Hence "narrowness" of the panel between stringers of a longitudinally

stiffened cylindrical shell is somewhat analogous to the "shortness" of the

sub~shell in a ring-stiffened shell and the stiffening of Eq., (17) is of &

e
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similar nature to that given in Eq. (2) for sub-shells,

The "narrowness" of the psnel has, however, an even more important
influence on the buckling load carried, than the stiffening predicted by
iinear theory as given by Eq. (!7). A wide panel, % > n/m, buckles as a
cylinder, and hence the large discrepancies between experimental and
theoretica! (linear theory) buckling loads observed for unstiffened cylinders
will also appear in wide panels. The low buckling loads of axially compressed
cylindrical shells are due primarily to their unstable post-buckling behavior.
By investigating the initial post-buckling behavior of narrow panels and the
effect of initial imperfections, Koiter [54] showed that 6 is a suitable para-
meter for estimation of the expected "linear" buckling behavior of the panel.
For perfect panels, the changs from stable " plate type" behavior to unstable
"cylindrical shel!l type" behavior occurs at 6 = 0,64 for prescribed load. Since
the post-buckling tangent changes its direction rapidly a¢ter the transition
(see Fig. 3 of [54]}sfiffened cylinders with 8 < 0.64 are advisable for pre-
dominance of general instability, Note that for a shell with (R/h} = 1000, say,
0 = 0.64 corresponds to a stringer spacing (b/h) = 70 and that for 8 = 0,64

the "!inear" stiffening, due to the "narrowness" of the paneil, is 1,42,

The limiting value of 6 = 0,64 Is, however, a conservative value since
Koiter's analysis assumes zero torsional constraint, The finite torsional
stiffness of the stringers wiil raise the limiting 6, s already pointed out

by Koiter, and will also stiffen the pane! within the bounds of linear theory.
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An approximate estimate of the "linear" stiffening due to the rotational restraint
of the strirgers can be obtained from an analysis of the buckling of elastically
restrained plates [55] in conjunction with an analysis of a clamped long curved
pane! [56]. A more precise analysis, that is an extension of the"discrete

stiffener" theory of [50], is now heing carried out at the Technion,

The general instability of the "smeared~stringer" stiffened cylindrical shell
under axial compression Is discussed in detail in [14], For classical simple
supports PGs may again be computed from Eq, (10), and PGs clamp for "classical"
clamped shells (RF, 2 boundary conditions) can be calculated from Eqs., (24) of
[14] or for RF 4 boundary conditions from Eq. (Al4) of [16]. For other boundary
conditions the method of [37] can be appiled. Siightly less accurate methods for
calculation of the general instability are also given in [57] and [58]. !t should
be pointed out that In the case of stringer-stitfened shells very apprecizble

eccentricity effects appear and the boundary conditions affect the buckling ioads

considerably,

The effect ot the discreteness of the stringers can again be investigatec
by a linear "discrete" theory in which the stringers are considered linear dis-
continuitias represented by the Dirac delta function. The analysis of [50] has
been extended to stringer-stiffened shells and calculations are in progress.
Preliminary results indicate that for thin shellsof practical dimensions the
discreteness effect is negligible. This is not surprising on account of the

large number of stringers required to prevent local buckling.
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3. EXPERIMENTAL INVESTiGATION OF STIFFENED CYL1wORICAL SHELLS

ot i e e AR A e M aks et Ak s ant il

Since the adequacy of linear theory can be reliably ascertained only by test, ‘
one has to turn to experiments if one aims at definition of some bounds of
applicability of the theory. in this paper the experimental program is only
briefly described, and details are g/ven In [59].

3.1, Test Apparatus and Procedure

In order to be able to tesi specimens of !arge (R/h) ratios, the lcad frame
employed eerlier in tests on conical shells [20] and [60] was modified to accomm-
odate the cylindrical shells, The loas frame and the test set-up is shown in Fig,
3. The load is appiiad by two hydraul:c jacks, controlled from an Amsier universal /
testing machine to a beam that moves a central load-transfer shaft with a thrust
bearing on which the lower supporting disc fits. The upper supporting disc reacts
against a load cell (or two load celis In series) that records the actual loac
applied to the test specimen. totion alonqg the vertical axis is preserved bv a
guide pin and mating sleeve fixed to the upper and lower supporting discs (except
In two tests in which the sleeve was removed). To prevent friction due to

misalignment of the load-transfer shaft a ball was introduced between the beam and

the shaft,

Strain gages were distrihuted over each specimen. Usually, 38 qaqes were

bonded to each shell, except some specimens with only 24 qaqes and one shell with
48 gages, The strain gages served to assist In the detection of incipient

buckling and to check the symnetry of loading., & or 12 qaqes were distributed




Jio

& -2'-
arnund the circumference at each vertical location., Strain measurements were

recorded on a B & F multi-channel strain plotter.

The specimens are not clamped to the supporting discs, They are just
put on the lower disc, which has a low central location platform with a clearance
of about h, and the simiiar top disc is just put on top of the specimen, To
prevent onu moment effects, see [32], [35] and [35], the end rings of the specimens
have ridges of width h that represent a continuation of the shell, see Fig. 5a.
The boundary conditions are therefore not far from classical simple supports, probably

somewhare between $S3 and SS4 (in the notation of [45]).

The dimensions of the shells are carefully measured before each test. The

thickness is measured at about 300 points for each shell (for specimens MZ 5 - 18

TN

the measurements were taken at least twice by c:.ferent operators) and the stiffener
dimensions were checked with a special gage for 4 shells at about 200 locations,
Out-of-roundness is measured at 5 vertical stations prior to each test after the
shell is in position. The maximum out-of-roundness A [61] was not computed from

the readings since in earlier tests on conical shells (see [62], [60] and [20])

its significince could not be discerned, Correlation between out-of-roundness and:

strain readings was, however, studied for all specimens.

3,2. Test Specimens

{8 integrally ring-stiffened cylindrical shells were tested in the present

test program, The dimensions of. the shells as defined in Fig. | are given in Table 2,

E The specimens were machined from AISI 4130 steel alloy drawn tubes with a !/4"
wall~thickness, The mechanical properties ot the material, and in particular E, were

measured on 8 specimens cut out from the tubes before machining (both in the ltongitudinal
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and circumferential directions of the tubes), as well as on 16 specimens cut out
from the shells after failure in buckling, The average mechanical properties

found (with only s!ight scatter) were those that appear in the literature., The
average vaiue ot Young's modulus found is E = 2,0 x 104 kg/mm2 (or 28 5 x IO6 psi),
the usual value of 4130 stee!, and the yield stress oyp 3 50 kg/mm2 (or 71000 psi),

is considerably above the buckling stresses. Poisson's ratio is taken as v = 0.3,

In the interest of precision, the machining process is divided into stages.
In the final stages the shell is mounted ¢1 a special "cooled" mandre!. This mandrel
is made of cast aléminum with a high silicon content and has the shape of a reservoir
with many fins around its inner surface (see Fig. 5b). The mandrel is fitted with
special centering pivot, Liquid air poured into the reservoir of the mandrel cools
it appreciably and as a result its diameter contracts 0.4 mm, enabling the shell to

slide onfo the mandre!, After returning to room temperature the shell sits well

on the mandre! and permits accurate machining., After completion the shell is removed
from tThe mandre! by another liquid air "cooling" and a second shell is immediately
mounted.

This technique, combined with extreme care in the machining and continous measure-

ments, has resuited in precise specimens in which the deviation of thickness (the most
sensitive dimension) of the sheil does not exceed 5% of the average in the worst case
and is usuaily within 2.5¢ The accuracy of the height of the rings d i similar to

that of the thickness whereas larger deviations occur in the width of the rings c.

Differences of up to'6” from the nominai width were measured, but these could, at worst,

lead to an error of iess than 3 ‘n the computed buckling load,
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3.3, Ring Stiifened Cylinders

Table 2 presents the important geometric parameters of the 18 ring-stiffened
cylindrical shells tested, as weli as tnc experimental and caiculated buckling
loads. The dimensions of the specimens have been chosen to yield the largest
feasible (R/h) ratio and an average of 660 was achieved. The mean shel! wal) thick-
ness is given in thousanaths ot a mm in the table, but though the thickness was

measured in thousandth of a mm, the last figure Is reliable only within ¢ 0,00z mm,

The ring spacing is chosen small enough for the sub-shell to be in the axi-
symmetrica! range, or slightly above it tc ensure local "ring-buckling"behavior,
Except in shells Nos., MZ 3 and 4, the local shel! geometry parameter Z' < 2,85,
in shells MZ 3 and 4, however, tne torsional stiffness of the rings is sufficiently
large to force the sub-sheli to buckle axisymmeirically in spite of Z' > 2,85,
This is the same behavior as otserved in the examples of Table |, and indicates
that Eq. (4) is a very conservative criterion and may be exceeded, provided the
rings possess adequate torsional stitfness. The |inear theory buckling load for
very short shel! exceeds the classical "moderate-liength" buck!ing load appreciably,
see Eq. (2). Hence for shells Nos. MZ. 5, 6, 9, 10, 13, i4, 15, 1§, 17 and 18 local
buckling is remcte. in Shells Nos, MZ, I, 2, 3, 4, 7, 8, Il and 12, on the other
hand, local buckling may be possible since, even after taking into account the
resistance to "rolling ove~" (which is small in the test specimens - of the order of 1%)
the local buckiing ‘oad i1s slightly below the general instability load. In general, in
the shells which were ':keiy to buckle locally, the tocal buckling load was close enough
to the general instability *o make detection of local buckling behavior in the tests

hardly feasitle,
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The general stability load is computed for some shells also by the "discrete
theory" of [50], although the difference between "discrete" and "smeared"theory
amounts here only to about |% or less. The "discrete" general instability loads
are not given for shells Nos, MZ. {, 2, 3, 4, 7, 8, |1 and 12 since they are beyond

the "cut off point" for which locui buckling dominates (see also [50]).

At first sight, one may wonder why the ring spacing was not kept very low in
all specimens to ensure predominance of general instability, As the aim of the
present study was, however, to find the bounds of "linearity", the nominal design
dimensions for some shells were intentionaily chosen to be in the "doubtful"
region, As a result the local buckling load nearly ccincides with PGs in some of the
shells, In Table 2, the experimental buckling loads for shelis Nos, MZ |, 2, 3, 4, 1,
8, Il and 12 are also correlated with the predicted local buckiing loads. In the
discussion, however, the correlation for all shelis is for the general instability load

that is of primary interest,

Before turning to the buckiing loads carried by the specimens, one may discuss
their observed buckling behavicr, Figures 4, 6a, 6b, 7a, 7b and 8 show typical
shells before and after failure. For all the shells, buckling occurred suddenly, and
was rather violent in some, Visually, only the large displacement diamond patterns were
detected. In shells MZ | - 14 they changed rapidly into typical plastic deformation pattern
with sharp vield hinges. In some tests "travelling" of the diamond patterne could be seen
momentariiy, but in general the pattern appeared practically simultaneously around the
whole circumference. The large 'nertia of the toading system is probably the main cause
of the violence of the buckling process, In Shells MZ 15«18, a distance tube was in-
corporated to arrest the displacements much ea-lier, when the axial shortening was approx-

Imately 3 times the linear prebuck!ing one, Most of the piastic deformation was thereby




T Y

g

AL
A

> e

"

[

- AR

T T

A

- 25 -

eliminated, as can be seen by comparison of Fig. 8, which shows a buckled shel! when

the arresting tube was in position, with Figs. 4, 6 and 7 that depict the results in
absence of an arresting device., In Shells MZ 15-18, the buckles practically disappeared
upon release of ioad. Repeated ioading, however, resulted in much lower buckling loads
that indicate that some plastic deformation had originally taken piace. Strain gages were
attached to the arresting tube for control of possible ioad sharing (due to insufficient

clearance) before buckling, However, no trouble of this type was encountered.

The buckiing pattern is fairly uniform in most specimens, except some helical
"climbing" of the diamonds in some shells, somewhat reminiscent of buckling patterns
observed in pressurized unstiffered cy!inders,see [8] or [42]. No axisymmetrica! buck!ing
patterns were observed even for shells that supported 95 percent of the |inear theory

buckiing load P._ (in some of the ring-stiffened conical shells, discussed in Section 4,

Gs
ring tuckling was observed, but only for very heavy rings). It may, however, be possible
that an axisymmetric pattern appears before the deformations become !arge, similar to the
very shallow ripples indicating incipient buckling that were observed in pre.surized

cylinders [42]. Such an initial, briefly occuring axisymmetric pattern would fit the

predictions oi orthotropic theory [8] or [26].

Some preiiminary attempts to obtain photegraphic records of the tuckling process in
order to obtain more informaticn on the initial buckling are shown in Figs. 9a and 9bt,
These tests were carried out at night and the shells were ﬁof iliuminated. The shutters
of the two cameras were therefore kept opan during each loading step (about 60 seconds).
Flashlights were then triggered by contacts set at predetermined distances to produce
the photographs. Though these attem .s were not very successful,further similar investiga-
tions with more sophisticated instrumentction may provide more insight into the buckiing

process.
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In passing, it may be of interest to mention one rather surprising in-

sensitivity to imperfections,noticed accidentally during the tests. Shell MZ 7

was damaged upon removal from the mandrel. The damage was a smal! hole and a badly
distorted area of a few square centimeters around it. Surprisingly, however, the
buckling load cf the specimen was not noticeably affected, and p was practically
the same as that of a similar undamaged she!! MZ 8 {see Table 2).This example iends
additiona! support to the claim for .ow imperfection sensitivity of exTern;lly ring-

stitfened cylindrica! shells that resul*s from the present test program,

The strain gages that "covered" the specimens proved to be excellent indicators

of incipient buckling. In spite of the suddenness of the actual buckling, most of the
gages showed signs of near-buckiing. Hence buckling could sometimes be predicted from
the gages during the test to within 5% of the load. From the strain gage readings

Southwell plots could readily be made for most specimens, The computations follow the
method proposed in [62] and the mean of the "perfect shell" buck!ing loads are given in
Table 2. The intercept method [62] was also appiied but was found to be less reliable.
The results support the claims of Horton and his associates, [63] and [64], with regard

to the applicabiiity of Southwel!'s method.

An additional interesting preliminary result of the extensive use of strain gages
is the spread over the shell of the indication of incipient buckling. One does not
notice isolated iocal indications of near-buckling, but the gages become "lively" at many
locations simultaneously. In Table 3 the count of the direction of deviation of the strain
gages just before buckiing is given according to horizontal rows of gages. The rows extend
over complete circumferences and have 6 or 12 gages each. [T can be seen that, with few
exceptions, the deviations in each row are unidirectional, indicating axisymmetric deform-

ation. With some stretching of the imagination one could "see" in these widespread
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Indications of incipient buckling the initial axisymmetric pattern that is missing,
or some confirmation that initial buckling has a complete periodic pattern as most
theories assume and which the usual diamond pattern contradicts! Obviously, more
substantial evidence is needed befors one couid make a definite claim, but it is an
interesting thought, In one attempt to provide more evidence, the "Southwell loads"
obtained from strain gages at various locations were compared. Figs. 16 and |7 show
"good" examples ~ in which the "Southwel! loads" at focations far away from the final
buckling pattern location were similar to those near it, In Fig, 18 a "bad" example
is shown in which the dista.t gages predict higher buckling loads. In most of the

shells studied, however, the results seem to be encouraging.

One additional " behavior pattern" was studied - the correlation between initial
out-of-roundness and strain gage readings. Figures (3 and {4 again show a "good"
and a "bad" example. The studies produced no conclusive answer to the problem of
prediction oY the quality of a shell from its initial out-of-roundress. 1t appears
from the prasent and similar previous studies, [62] and [68], that there is only a

statistical answer,.

The primary purpose of the present test series was to confirm the validity of
linear theory for analysis of stiffened cylindrical shelis and to obtain bounds on the
stiffener parameters for uphoiding this validity, The ratiop = (pexp/PGs)‘ also

referred to as "linearity", is therefore the primary criterion. For the present tests

p 1is given in Table 2,

Two of the stiffener geometry parameters, the ring area ratio (Az/ah) and the ring
spacing (a/h) should predominate. The eccentricity (ez/h) as well as (Izz/ahs) do not
affect the buckling of a shel! with external rings,at .east in theory, Hence o is

plotted against (Az/ah) in Fig, 10 and against (a/h) in Fig. 1. The p obtalined
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from three ring-stiffened shells of [33] and frm some of the shells of [26], given

in Tatie 4, are also plotted for comnarison in the figures, A tendency towards a

slightly lower p for ring area ratios below 0.2 appears in Fig., 10, and there seems

to be no additional gain for (Az/ah) > 0.4, There is also a tendency towards a lower

p with increasing (A/h) in Fig. |l, offset oniy by the three sheils of [33] which,

however, have much heavier rings that restrain the sub-she!| appreciably, as has already

been discussed. One of the attempts to arrive at a combined parameter is shown in Fig. 12,
The values of p obtained in the present tests and in the experiments of other investigators
on integr:*! ring-stirfened cylindrical shel!s show that linear theory can be considered valid
even for re:atively weak rings, provided the ring spacing is not large enough to promote
premature local buckling., The applicability of linear theory for ring-stiffened sheils under
axial compression appears to be similar to that under external pressure or torsion, How-
ever if one carries out structural efficiency studies (see Section 5) one finds that only

light rings are advantageous.

3.4, Stringer-Stiffened Cylinders

A series of tests on stringer-stiffened cylinders of similar dimensions to the ring-
stiffened cylinders tested has been initiated and will be reported separately [59]. The
discussion will hence be limited to an evaiuation of the tests of other investigators [16],

(301, [31], £32] and [34], given in Table 5,

The meastre of "linzarity" p is again plotted versus the two primary stiffener
geometry parameters, area ratio (A'/bh) and spacing (b/h) in Figs. 19a and 9. In the
case of stringer-stiffened shells, however, the eccentricity (e,/h) and (I!I/th) are very
important and their influence requires turther study, Furthermore the boundary conditions,
in particular clamping, are here more important (see for example [14], [16] or [57]). Hence

the test resuits of [30] and [31], where the boundary condiTions appriached clamped ends,
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are compared instead of with PGs‘ with PGS clamp and an arbitrarily chosen partial
clamping [(l/3PGS + (2/3)PGS clamp]° The comparison with st clam is conservative
since clamping is not complete.
Koiter's © is also given in Table 5. it is beiow tl.: limiting value 0.64 tor

all but two shells, and indeed genr -al instability predominated in all the tests

collected in the table. More tests near the limiting value are however needed

The results show that linear theory is also applicable to integral stringer-
stiffened cylindrical snells, except for very weak stringers and wide stringer-
spacing. In Fig. 19, the decrease in p with increase in (b/h) is pronounced.
Heavy stringers show higher "linearity". Preliminary structurai efficiency studies
(see Section 5) point, however, towards weaker stringers. Further study 6f the
relation between (A'/bh) and (b/h), as well as the influence of (el/h), is therefore

needed,

3.5. Further Remarks on Stiffened Cylindrical Sheils

Recent imperfection studies [247] maintain that the reliability of linear theory
for stiffened shells is doubtful for certain types of stiftfening and shell geometries
due to incrizased imperfection sensitivity. For ring-stiffened cylindrical shells, and
in particula~ for shells with outside rings, Hutchinson and Amazigo [24] expect that
the "shells may buckle at axial loads which are well below the classical buckling loads"
The results of the present tests and those of other investigators discussed in sub-
section 3.3. do not support this prediction. As for stringer-stiffened cylinders tested
in [16], (30], [(31] and [32] these can be classified as iight to medium stiffening in

the definition of Fig. 3 of [24]. The geometries of the shells tested ( their Z) fall
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in the range'in Fig, 3 of [24], where impertection sensitivity effects for out-
side stiffening should not be severe. This may be the reason for the high »

values found in the evaluation of these tests. In Garkish's recent tests [28],

cylinders with outside stringers buckied at loads that were appreciably below the
prediction of linear theory. However, as the Z of the specimens puts them in a
range in Fig. 3 of [24] where the imperfection sensitivity effects are hardly in-
fluenced by eccentricity, these low results do not lend support to the contention
of [24], and are due to other causes. Therefore one can also conclude for stringer-
stiffened cylindrical shells, although with less certainty, that tests to date do

not verify the fears of [24].

The "knock-down factor" as p is sometimes called, is much larger for integrally
stiffened shelis than for unstiffenud ones, |f one compares scue of the "knock-down
factors" commonly used with the p found in tests of integrally stiffened shells,
one finds those factors very conservative, In Table 6 the experimental p's of [32],
[34], [30], [26] and some of the present shells are compared with Pg¢s Obtained by

di¢ferent methods. First o .. is computed by the methods of [2] and [3], based on

Koiter's theory, with h replaced by h_ .. as defined [3] for stringer stiffening

z
(hop /M) = 1+ (c/b){{(I”/th) + (A,/bh)<e|/h)2[| + (Al/bh)]’z} |2(A,/bh>"}

(18)

and by a similar expression for ring stiffening, Pott is also calculated by Pflager's
formula, Eq. (20), in which h is replaced by heff of Eq, (18), Then heff and Pots
are computed by Eqs. (23) and (24) of [67], used at Lockheed Missiles and Space

Company. Finally, (R/h) is calculated by the method proposed in [66] and Pott is

off

then found from Pflager's formula for this (R/h) It is seen that Potf is con-

eff

siderably smailer than p found in tests of closely and integrally stiffened shells,

usually about half,
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4, RING-STIFFENED CONICAL SHELLS

Before the present test program on cylindrical shells was initiated, a similar
test program on ring-stiffened conical she!ls was carried out at the Technion, which
continued parallel to the present program. The details of the conical shell program
are reported in [20] and [68], Only the main results are given here to support the

conclusion arrived at for cylindrical sheils,

The test set up for ring-stiffened conical shelis is shown in Fig, 20. The axial
load is applied Jirectly in a 30 ton "Amsler" universal testing machine and the test
arrangement is similar to that for'cylindrical shelis, The boundary conditions are
different, however, since the cone. are clamped in fixtures as explained in [20] and
[68]. The test spacimens were machined from 17-7 PH steel blanks that are first shear-
spun to form thick cones. The accuracy of the machined shells was of the same order
as that of the cylindrical shells, though slightly less - the thickness variations were
up to ¢t 5%, Figs. 21, 22 and 23, reproduced from [68], show typical ring-stitfened
conical shells tested and their buckling patterns. The rings were much heavier in some
of the conical shells, up to (AZ/aoh) = 3 in the shell shown in Fig. 23, and the heavier

rings promoted axisymmetric buckling as can be seen in the figure.

The test results on conical shells are compared in [20] and [68] with an approx~
imate formula for general instability of ring-stiffened conical shells which is
a combination of Eq. (12) for ring-stiffened cylinders and an approximate formula for

unstiffened conical shells proposed by Seide [69],
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PCone = Pcl cos a (19a)

where a is the cone angle. The final form of The approximate expression
is

-1/2 1/2 2

= 2 %E (39D T2 10 4 A/a h1'% cos’a (19p)

PGs cone

and its valld!ty has been checked with the theory of [ 18] for some typical

shells,

in Fig. 24 the variation of p versus (Azaoh) is shown for the shells
tested, !t can be seen that above (Azlaoh) = 0,2 good "linearity" is
obtained and that little is gained by increasing the ring area ratio
beyond 1.0, Structural efficiency again advocates lighter rings. In Fig.
25 the results of the present tests on cylindrical shelis are superimposed
on Fig. 24 and, although of slightly better "linearity", the cylinders fit

the trenc of the conical shells well,

. ——————— ——— ————— % ® =
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5, STRUCTURAL EFFICIENCY OF STIFFENED CYLINDRICAL SHELLS

The experimental study reported here and the work of other investigators
that has been discussed show that cylindrical shells with closely spaced
stitfeners buckle at axial loads ioi far from those predicted by |inear theory,
The next step is to study the structural efficlency of the stiffened shells to
find out how the closely stiffenad she!l compares with aé equivalent unstiffened

sheli from the weight point of view,

First, one has to establish a convenient standard of comparison. Since
the buckling loads of unstiffened axially compressed cylindrical shells are
much below the predictions of |inear theory and no reliable theoretical
estimate is available, one has to rely on empiric¢al formulae that show the
primary dependence of the buckling coefficient on (R/h). A very simple

formula has been proposed by'Pfl;ger [s] for R/h > 200,
1/2
(Pg/P.y) = t/C1 + (R/100h)] (20)

that, in addition to its simplicity, has the additional merit - for the
purpose of comparison -~ of being unconssrvative for most test data. In Fig.
26 Pfiager's formula, Eq. (20), is superimposed on Fig. 3 of [6] that presents
test results obtained by 14 investigators, and it can be seen that Eq. (20) is
unconservative for practically all the shells %esfa&. Hencs PB from Eq.(20)

Is a suitable buckling load for the "equivalent™ unstiffened cy!inders with

which the stiffened cylinders are compared.

SRS U= S,
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For ring-stiffened cy!indrical shells with outside rings, axisymmetric

buckling predominates and the simple formula for the general instability load,

Eq. (12), makas the comparison with the "equivalent" unstiffened sheil very easy.

1t linear theory is valid

172
(PGq/Pcl) =1 + (Azlah)] (21)

It only a fraction p of the “linear" load is achieved

1/2
(Pbslpcz) = o[1 + Azlah)] (22)

The thickness of the equivalent unstiffened sheli (of identical weight) is

h = [1+ (A,/ah)]h (23)
and the buckling load of the equivalent shell is given by

(Bg/Py) = (M2 1 + (Rr100RYT" /2 (24)

|$ Pfl;gor's empirical formula Eq. (20) is empioyed. Hence the afficiency of

exiernally ring-stiffened cylindrical shelis is given by

oL, + (Rz100h])'/2

(25)
vi
R

n = (Fbs/PB) P

a

where

AR = |+ (Azlah) (26)

With Eq. (25) design curves can readily be drawn that give n versus (R/h)

for various valves of o and (Azlah). In Fig. 27 a typical set of such curves

A b b L8 5t ™
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is presented. It is immediately seen that even when only 60% "|inearity¥is
achieved, weak ring-stiffening is very efficient for thin shells (large R/h);
or, in other words, thin shells with many closeiy spaced rings (to prevent
local buckling) and external rings of smal! cross-sectional area carry axial

compression very efficiently,

For internal rings, asymmetrical buckling occurs and Eq. (12) is no
longer valid, unless the rings have very high torsional stiftness, The
critical load parameter A has therefore to be computed from Eq.(10), Since,

S R

one obtains, after substitution of Eq., (1) for Pc the efficiency for in-

'a
ternaliy ring-stiffened cylindrical shell as

oA [a. + (R/100m 772
n = -7y - R - (28)
8{3(1-v)] (R/h) g

where 8o is again given by Eq. (26), Design curves can then be drawn for in-

ternal rings. Internal rings will, naturally, be less efficient stiffeners than

external ones, see [14].

For stringer-stiffened cylindrical shells a similar expression can be obtained

for the structural efficiency,

1/2
) oA Ca, + (R/100M)] 29
8[3(1-v2) 7172 (R/h) A53
where
B, = 1+ (A /bR) (30)

ki1
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Some typical design curves for external stringers are presented in Fig. 28,
Agein the stitfening is seen to be moie efflicient for lighter stringers and a
thinner shell, except for (R/h) below 500 where the efficiency may rise again

slightly as (R/h) decreases.

For optimization of the stiffened shall, be it stringer-or ring-stiffened, one
has to balance the likely "linearity" obtained for various stiffener areas with
the n for the respective stiffener area and shell (R/n). From the present
tests anc the resuits of other Investigators, the range of 0,2 < Azlah < 0,5
appears most promising for rings and 0.3 < A|/bh < 6.8 for s*ringers, provided,
obviousiy, that the stiffener spacing is small enough to el Iminate local

buckling.

Figures 29 and 30 show this for the ring-stiffened shells of the present
tests and for tests of other Investigators., The curves for 100% efficiercy are

obtained from Eq. (25) which for n = | immediately yields
o = oXa, + r/100n]'/2 30

Further study Is needed for bettcr definition of these ranges.,
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6.CONCLUS | ONS

The present tests and the results of other investigators discussed lead to the

conclusion that linear theory is appiicable to integrally ring-and stringer-stiffen-

€0 cylindrical shells under axial compression, provided the stiffeners are closely

(A A T LAl g e A

spaved, Applicability of linear theory means here that buckling !oads can be estimat-
ed with the same reliabiliity as say for unstiffened cylindrical shells under externai
pressure. Small design factors for imperfections of up to 30% are not excluded, but
the customary | irge "knock down factors™ are absent even for weak integral siiffening.

Hence stiffene: eccentricity effects and optimization studies based on linear theory

T RRT TP aEY

may be relied upon,

3 Structural efticiency studies, which include the reduced "linearity" observed in

tests, show that even ring-stiffening is advantageous under axia! compression. The

domir nt geometrical parameters that determine the "linearity" are the stiffener
spacing and stiftener cross-sectiona! area. Ring spacing that ensures axisymmetric
locai buckiing, or stringer spacing with Koiter's 6 < 0.64, will give the required
predominance of general instability; and stiffener cross-sectional area that yield
0.2 < (Az/ah) < 0.5 tor rings, or 0.3 < A|/bh < 0.2 for stringers, appear most promising
from the structural efficiency point of view.

The strain gage recordings in the tests suggest that the initial buckiing oattern

covers the whole shell and differs basically from tha final visually observed pattern.
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APPENDIX A

EFFECT OF ROTATIONAL RESTRAINTS

The analysis is an extension of that given in [49] for axial restraints, The

effect of rotational restraint Is round approximately by a Rayleigh~-Ritz approach,

using the displacements of the unrestrained shell. The rotationai restraints are

assumed to come into action only at onset of buckling - type (b) restraints in the

classification of {49]). Two forms of rotational restraint are provided by the

rings: resistance tc twist, if the sub-sheli buckles non-axisymmetrically, and

resistance to "rolling over" that appears also in axisymmetric buckling. Since the
torsional restraint, when effec’ive, is usually much larger than the restraint to

"rolliing over", the latter is neglected for asymmetrical buckiing.

Note that in the appendix the displacements and coordinates are written u, v, w, x

»* * »* »
instead of u , v , w , x and the origin is at the midlength of the sheli or sub-she!l

of length L.

For uniform axial compression, the additional total potential energy (after

buckling occurs) of a thin cylindrical shell with elastic rotational iestraints due

to torsional resistance or the rings kT is:

2 2% L/2 P
U+ VvV =[hEr/201-v] 1 J [u,x + (v /R) - (w/T ) -
o ~L/2 L ¢

“201=-v) {u [{v /R) « (W/R)] - (1/8)[(u /R +v TP} ¢ dxde 4-
X ) N ) »X

3 . x L/2 2
+ [0ErR/2801=v ] 1 £ i[w + (W/R)w

o-l/z X ro " x

e S e e e = v

SV RPIIR S
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2 2 2 2
4—[vw’xx + (w ”/R Y] (w" J/RS) + [2(1-v)/R w'x. }dxde -

s ¢
2x L/2 2 2x 2
-{P/4x) (f> -{/2 (',x) dxdé¢ + (kT/R) {, [(',XQ)L/ZJ de (A1)

The displacement boundary conditions of the problem are

at x = /2 (A2)

v = 0

A cylinder under .uniform axial compression may buckie in an axisymmetrical
pattern or in a more generai form. For the more general buckied shape, the

displacemants functions

u = Am sin t¢ sin (mwx/L) where
v = Bm cos t¢ cos (max/L) m = i, 3, 5,.. (A3)
w = Ch sin t¢ cos (max/L) t+ = 1, 2, 3...

satisty the boundary conditions, Eqs. (A2), and are admissible.

Substitution of the assumed displacement functions, Eqs. (A3), Intc the
total potential energy expression Eq. 7Al) and minimization with respect to *he
free parameters yieids the usual stability determinant from which Eq, (6) of

Section 2 is obtained.

For axisymmetrical buckiing the last term of Eq. (Ai), representing the
elastic restraint, has to be replaced by

2 ) :
2
Rk é':(",x)uz] de¢ (A4)

acdhe
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the s*rain energy absorbed by the "rolling over" mechanism of the rirngs, The

corresponding displacement functions are

u = Am sin (max/L)
v = 0 {AS)

w = Cmcos {mux/L)

and the stability determinant that resuits from the minimization yields Eq.(8)

of Section 2,

nNote that when Eqs. (6) and (8) are applied to the local buckiing of a ring-
stiffened shell, L represents the length of the sub=shells, denoted “a” olse-

where.
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RING-STIFFENED CYLINDRICAL SHELLS - DIMENS'ONS OF SPECIMENS A.D RESULTS

TABLE 2,

R=» 17%,6 mm L e 200 mm

Shel | Mean Thickness Number 3 Pcl pG.s. *G.s. Pdiscr

No. Thlstncss Deviation a a/h R/h Riﬁ;s o)/ Ayfan 1y,/an 2! unstiffered asprox.  (14] n

Lo Csmm) {om) Cxq) "vg3 &gl

3 MZ - 1 .283 -0,01)4(.02) 10 353 529 0 -2,25  .535 .68 1,92 6090 7530 7580 18 -
; 2 .280 ~(.01)+(,01) 10 35,7 627 17 22,32 546 604 (.94 5960 7410 7430 18 -
‘ 3 ,28% ~(,01)4(,92) 15 52,6 616 " —Z31 361 393 4,29 6180 1210 7230 18 -
4 .284 -(.01)4(,02) 15  52.8 68 1] -2.30 .359 366 4,30 6130 750 7170 18 -
5 274 -(,01)+(,02) 7 25.6 63 25 -1,56 373 L14g .97 5710 6690 6690 19 66
6 .253 -(,02)4(,02) 7 27.7 €94 25 -1.68  .805 .i87 1,05 4870 5750 5770 19 57
7 .268 ~(.02)44,02) 10 37,3 655 1 -2,06 313 301 2,03 5450 6470 6410 12 -
8 .258 ~(.02)4(.02) 10 38.8 681 17 -2,08 .30 L2935 2,1t 5060 59 ¥ 5920 13 -
9 .281 A0,01)+(,02) 7 28,9 625 25 -1.29 .21 057 .95 6069 £ 6789 i8 -
10 .28t ~(.01)4(,01) 7 24,9 625 25 -1,29 211 087 .95 6000 1.3 5780 13 -
i 27 ~(.01)+(,01) 16 3.9 68 17 -1.34  ,202 .048 2,00 5580 120 6130 ta -
; 12 276 ~(.01)+(,01) 10 37.6 650 17 ~1.33 ,198  .045 2,00 5540 570 6080 18 -
| 13 246 -(.00+(.01) 7 28,5 714 25 -17T 435 235 1,0t 4600 5510 5510 20 54
| " .236 -(.0D+(,01) 7 29.7 144 25 “ta2 200,027 1,13 2230 2660 4660 19 4¢
15 .249 -(.01)+(.01) 8 32,1 705 22 -0 165 L0148 1,40 4710 5090 5090 18 ¢
] 16 .295 -1.00)4(,01) & 271 595 22 -0.88  .123 .006 1,18 5620 7010 7030 17 %
3 17 255 -(,01)+(,02) 8 3.4 689 21 -1,38 .268 068 1,36 4930 5560 5560 I8 .
18" L5 -(.02)+(,025) 8 32,7 7 21 S1.5) .38 130 1.42 1560 5260 5260 19 .

T e

In the test of shell MZ - | 3 dynamic load was introduced inadvertentty and hence it is not considered a

valid test point,

The last tigure In h s only aparoximate

Shell MZ 18 had more pronounced non-uniformities In thickness than the other test specimens




t specimens

L= 200 mm LR s 18 vl £x2x 1% ug/nm®
b 2t ch :G-S- ;;gj& F,ﬁiscre?e omc' FLoc. , paxo 'eno tiers pexo ;2:0___ exp
3 unstitfened SProx. . n 5.5, 22::(;:::93" Southwol | Gs Loca
[xgl Cxg] Cxg] {xq) g2 {hgl kgl
1.92 6050 7540 758¢ 18 - 6560 6h40 $06€ 9 2 - .67C 762
1,94 5960 7418 7430 18 - 6400 6490 €250 9 2 6570 .B44 »965
4,29 6180 1210 7210 18 - [N 626C 50006 v 6470 .818 872
4,30 &130 7150 115 18 - 6560 6720 £540 9 3 6560 .B30 .884
.7 5719 6690 6690 19 6680 9349 2190 W '3 2 6390 .877
.05 2870 5770 5770 19 572¢ 7430 7528 431¢ 12 2 4790 181
2,02 5460 €400 6419 18 - £789 S8t 4670 12 2 - 729 .801
2.4 5060 5920 5920 18 - €zes 5320 4420 12 2 5240 746 834
.95 6000 6770 6780 I8 - 15320 ipnen STED 1213 2 - .854
.95 6100 6770 6780 18 - 12039 10042 €260 3 3 6980 .925
2.00 5580 ©120 6130 18 - 5930 5959 5469 13 3 5920 .841 866
L. 2,01 5540 €070 6080 18 - 5870 5830 2800 43 3 4710 724 L747
1.0¢ 4000 5510 5510 20 5450 6930 6960 53710 43 2 5730 952
1,13 4230 4650 4560 i9 4650 6180 6200 3140 12 2 3430 673
£.40 4710 5360 5090 18 5070 5960 5480 3850 14 2-3 - 157
.12 €620 7010 7030 17 7020 9360 9380 565¢ 14 3 6380 .848
136 4340 5566 556C 18 - 5350 620 4650 16 3 4810 .837
1,42 4560 5260 5260 19 - 6710 6740 330 15 2 3960 691
it Is not considered a




TA4LE 3

STRAIN GAGE DEVIATIONS AS INDICATION OF AXISYMMETRIC INITIAL BUCKLING

CIRCUMFERENTIAL GAGES AXIAL GAGES

Shell  Gage Nos, Court of Deviatlons Gage Nos, Count of Deviation
No. (Rows } Tension Compresslion (Rows) Tenslon Compression

MZ.2 25-30
31-36
37-42
43-48

1-12 12

(o - W

WY 5530
34-36
37-42
43-48

V=12 ]

DY) == o

2O L, )
31-36
37-42
43.48

O‘U‘O—&&Nﬂo

WZ=% 25-30 4 1-12 2 B

31-36

5 37-42 6
43-48

W

W6  5-%
3136
37-42
43-48

\S,

=12 ) H

WO

O e 1
31-36
37-42
43-48

WZ-3 25-30 v
3 31-36
37-42
43-48

=12 ! 10

31-36
37-42
43-48

[orpe—

-

D= NNOTOA MO,

mZ-11  7-12
13-18

19-24 6

Poneneavint

o

V=TT —25-%0
] 31-36
3 37-42
[ 43-48

=12 L4

U{O\—O‘U‘ O

2 MZ-15  15-18
19-24
25-30
31-36
37-42
43-48

=N

Mi-t4 T-3
7-12
13-18
19-24

ML-15 1-1Z
2-18

B 19-20
25-30

MZ-16 1=12

12-1

Z 19-24
25-30

Fs h\J\w q\a\)wm\n
H-quny-

M-17 16
13-18
19-24

1-12

4

HZ-18 1-6
13-18
19-24

=12

o

6

o c*naunuqu'aJO\uq

NOTE: Gage Mumbors refer fo Nos, on 8§ & F recorder and hence numbering is usually not
continuous.

In some cases not all the qages showed noticeable deviations.

S T T ot 2 R st A




TABLE 4

"LINEARITY" OBTAINED IN TESTS ON RING-STIFFENED CYLINDRICAL SHELLS BY OTHER
“INVESTIGATORS

: 3 i
Investigator Snell R/h - A,/ah  a/h e,/h Izz/dh Pas pex() o'pexp/p(‘s
° [ibl Lol
MILLIGAN 5 373 .347 i0.9 - .877 0169 4880 3720 . 162
et al [26]
9 314 JAT5 0 9.2 - ,690 .0021 6410 5180 . 808
20 404 447 11,8 - ,968 .0226 4320 4460 1.032
32 384 LA410 11,2+ ,914 .2830 3990 4740 1.188
33 667 .878 19.5 +1,386 .0031 1340 1480 1,104
ALMROTH [33] Al 395 .878 57.0 +3.00 .83 17060 15300 .897
A2 384 .900 55.5 +2,93 1.70 17950 14880 .829

A3 415 .834 60,0 #3.16 2.13 15400 15030 .76
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¢ FIG. 1 NOTATION
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FIG 9b, ONSET OF BUCKLING - SHELL MZ 10,
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P=1500kg - °
M3-1D P=2500kg - *
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QOUNDNESS AND STRAIN READINGS FOR

F1G, |5 - CORRELATION OF OUT-QF-
TYPICAL CONICAL SHELL.
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FIG. 19a "LINCARITY" OF STRINGER-STIFFENED CYLINORICAL SHELLS AS
FUNCTION OF (A'/bh).
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TEST SET UP FOR CONICAL SHELLS UNDER AXIAL COMPRESSION

FIG. 20,




TYPICAL RING-STIFFENED CONICAL SHELLS TESTED

FIG, 21,




ASYMMETRICAL BUCKLING PATTERNS IN RING-STIFFENED CONICAL SHELLS

FIG, 22,




FIG, 23, SYMMETRICAL BUCKLING PATTERNS IN HEAVILY STIFFENED CONICAL SHELLS,




¥2 old
SI13HS TVIOINOD A3IN3I44dILS

-ONIY 4O 9ONITMONG NI, ALIIVINITL,
dHL NO V3y¥V SNIY 40 103444

Y%ty

08-1L=(Y/le) »
0L-19=(4/%) v
09-16=(Y/%) »
0S-17=(Y/%) e
O%7-1€=(Y/fe) =

Oy 0z 08090 YO 20 IO
L | T | § 1 T ».ﬂ.o

*\\.
A
R -
Ol

«ALIGV3INIT..
d




“SIT3HS TWOHIYANITAD OGNV
TVOINOD 40 NOSIUVGEh0D = wALIGY3NITW NO V3WV ONIY 40 103443 °*6Z *9id

Y°p/%y
S % € 168L9G ¥ € T |
_ | I
_ _ RN _ \N.
/
kQQ\«\\J
o
||||||||| o — —
m v \v/ ® ® eV .|l
N ——— o—— |
llllllllllllllllllllllll L
STIZHS TVIIHANITAD —- » —
STI3HS TVIOINOD — V¥ .

80 2




VINWY04
sy39N1dd ONV ( [9) WON4d Q3DNA0Yd3Y) 92 -9id
VviVQ TVLN3WIE3dX3 40 NOSIIVIWOD

<
]

ooy haaiid Q0% 00 00vE 008s 000¢ [ e [ iad [ olad 0032 OO OOM 00w oGh Q0 008 008 00 ]

a
4|
]

®o®

oot

Ow & ) € _vrl. ."”'AF .. .m\rm....._-coo-.o.ow
& S -..‘
3 ° T

L4 ]

2 -r

AVIOS

WOKLNINON

#TTIISI0A © IO ‘LINS
HOTern 0 § INIXS ‘WING ‘S
i ‘e oY

!0 090 00000X200 0

—

{s} ¥39Nnid

11

"0

0

o0




3200

1200 1600 2000 2400 2800

800

400

R/h
FIG. 27 STRUCTURAL EFFECIENCY OF RING-STIFFENED CYLINDRICAL
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